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The momentum density, n(k) of interacting many-body Fermionic systems is studied (for k > kF )
using examples of several well-known two-body interaction models. It is shown that n(k) can be
approximated by a zero-range model for momenta k less than about 0.1/re, where a is the scattering
length and re the effective range. If the scattering length is large and one includes the effects of
a fixed value of re 6= 0, n(k) is almost universal for momenta k up to about 2/re. However, n(k)
can not be approximated by a zero-range model for momenta k greater than about 1/(ar2e)
1/3, if
one wishes to maintain a sum rule that relates the energy of a two component Fermi-gas to an
integral involving the density. We also show that the short separation distance, s, behavior of the
pair density varies as s6.
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2Interacting many-body Fermionic systems are copious in nature, with examples occurring in astrophysics,
nuclear physics, condensed matter physics, and most recently in atomic systems. The development of trapping,
cooling and magnetic resonance techniques techniques for ultracold atoms allows the strength of the two-body
interaction to be controlled experimentally [1–3]. At low relative energies this strength is characterized by the
scattering length, a, which can be much, much larger than the range of the two-body interactions, R.
Such systems are of interest to understanding the nucleon-nucleon interaction, which is characterized at
low energies by scattering lengths of magnitude much larger than the effective range. Indeed, the limit of
a → ∞, R → 0, characterized as the unitary limit, has been used as a benchmark problem for nuclear
many-body physics. See for example, G.F Bertsch in.Ref. [4] and for example [5, 6].
If a/R approaches infinity, the system is expected to have universal properties that are determined only
by the scattering length. Tan [7–9] derived universal relations between diverse properties of any arbitrary
system consisting of fermions in two spin states with a large scattering length. These relations include the
coefficient of the 1/k4 tail of the momentum distribution [7], a decomposition of the energy into terms that
insensitive to short distances [7], an expression for the local pair density [7], and various other properties of
interacting many fermion systems [8–12]. Tan’s derivations start with the assumption that the interaction
between constituents is a zero-range pseudopotential. Brataan and Platter [13] confirmed these relations using
a zero-range interaction, renormalized by cutting off the intermediate momentum integrals at high values of
the momentum. But the range of interaction is never 0 for any physical system even though the ratio R/a
can be made exceedingly.
The aim of the present epistle is to explore the consequences of the non-zero range of interaction. We study
how the effects of the non-zero value of the effective range influence the relative two-fermion wave function
of the interacting two-bodies. The square of the momentum-space wave function, φ˜(k) determines the shape
of the system’s momentum distribution, n(k) = φ˜2(k) for k > kF , the Fermi momentum. Recent studies
that examine the non-zero nature of the effective range include [14–16]. Ours focuses on exhibiting the most
relevant features of the two-body system
We note that the universal relations all involve a property of the system that depends on the contact density,
C(R), which is the local density of interacting pairs. Its integral over volume is denoted the contact, C [7], said
to be a measure of the number of atom pairs with large (but not too large) relative momentum [17]. Recent
works that apply the contact formalism to nuclear physics include Refs. [18–21].
At low relative energies the s-wave scattering phase shift δ can be expressed in terms of the effective range
expansion:
k cot δ = −1
a
+
1
2
rek
2 + · · · , (1)
where k is the relative momentum (~2/m is taken as unity by convention), a is the scattering length and re
is the effective range. The effective range is expected to be of the order of range of the two-body interactions
that govern the system, but a can be much larger in magnitude. The present analysis is concerned with cases
for which a > 0. If a re > 0 , the S-matrix element e2iδ(k) has a pole on the positive imaginary axis. This
pole corresponds to the energy of a bound state of very small binding energy, B = 1/a2 + rea3 + · · · , in units
with ~2/m = 1, with m as twice the reduced mass of the interacting pair.
With a zero range interaction, the resulting wave function is simply φ0(r) = u0(r)/r =
√
2/(4pia) exp (−r/a)/r,
with the momentum space version, φ˜0(k) =
√
8piaa/(k2a2 + 1), and n0 = φ˜
2
0. This function is the source of
the claimed 1/k4 behavior of the density. The range of validity of these expressions is said [7, 17] to be
1/a k  1/re. (2)
If re is taken to 0, then the upper limit would be infinite.
But re 6= 0 for all physical systems, so that other momentum scales may enter. For example, consider the
effective range expansion of Eq. (1). In the large a limit, the first term is very small. Thus the second term can
be as large as or much larger than the second term for relatively small values of k. For example, if k =
√
2
are
,
the second term of Eq. (1) provides a 100% correction to the first term. An effect of that size cannot be
ignored. The calculations will show that other momentum scales smaller than 1/re are important.
We study the influence of the non-zero range of the interaction as manifest by the difference between n(k)
and n0(k). The physics of the interior must matter because, (∇2 + 1a2 )e−r/a/r = −4piδ(r), so that the function
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FIG. 1. (Color online) Comparison of rφS(r) (red) solid, rφH(r) (blue) dashed, and rφ0(r) (black) dot-dashed,
rφSD(r) (black) solid, and rφE(r) (black) dashed for a/R = 10, 000. Dimensionless units are used (see text).
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FIG. 2. (Color online) Comparison of k4n(k), for five different wave functions with n(k) ≡ φ˜2(k). Square well)(red)
solid, Hulthein (blue) dashed, zero-range (black) dot-dashed, surface delta (black) solid, and exponential (black)
e−r/a/r is not a solution of the Schroedinger equation in the usual sense. The region with r ≤ re matters, re
cannot be set to 0, and the range of validity of the 1/k4 behavior must be limited.
Our approach is to analyze four simple available models of the interaction that have the same non-zero
effective range, and then to draw some general conclusions. Starting with an attractive, square-well, (S),
potential of depth V0 and range R is useful. The bound state wave function is given by
φS(r) =
NS
r
[
sinKr
sinKR
θ(R− r) + e−(r−R)/aθ(r −R)], (3)
where NS is a normalization factor, and K =
√
V0 −B. For very large scattering lengths KR is slightly larger
than pi/2, and the effective range re is very close to R, the range of the interaction. The momentum space
wave function is the Fourier transform:
φ˜S(k) = N¯S
(
sin(kR)
ak + cos(kR)
)
(K2 − k2) (1 + a2k2) . (4)
Another simple model is the Hulthein wave function, (H). The bound state wave function is given by
φH(r) =
√
β(β + α)
β − α
√
2α
4pi
1
r
(e−αr − e−βr), (5)
4with β > a, B = α2. In the large a/re limit, α = 1/a. The momentum space wave function is given by
φ˜H(k) = 2
√
2pi
√
αβ(α+ β)3
1
α2 + k2
1
β2 + k2
. (6)
The surface delta (SD) function potential V (r) ∝ δ(r − R) is also easily analyzed. The coordinate space
wave function is given by
φSD(r) =
NSD
r (
sinh(r/a)
sinh(R/a)θ(R− r) + e−(r−R)/aθ(r −R)),
(7)
if B = 1/a2. The momentum space wave function is given by
φ˜SD(k) = N˜SD
1
1 + (ka)2
sin(kR)
kR
. (8)
The exponential potential (E), V (r) = −V0Ee−µr provides another well-studied example. A bound state
wave function is given by
rφE(r) = NEJ2σ/µ(2
√
V0E/µ e
−µr/2), (9)
with V0 > 0, and the value of σ determined by the condition J2σ/µ(2
√
2V0E/µ) = 0, B = −σ2, and 1/σ = a
in the large scattering length limit. A useful form of the momentum-space wave function is obtained by using
the power-series expansion for the Bessel function. The large scattering length result is given by
φ˜E(k) = N˜E
∑∞
j=0(
V0E
µ2 )
j+1/(aµ) ×
(−1)j
j!Γ(j+1+2/(µa))
1
k2+(1/a+µj)2 . (10)
This function can be seen as a generalization of the Hulthein wave function.
Five coordinate space wave functions (0,S,H, SD,E ) are compared in Fig. 1. The examples shown here
use the very large ratio for a/R = 10000 to ensure that any non-universal features do not arise from an
insufficiently large scattering length. The values V0E = 18.73886, µ = 3.6 are used to obtain same values of
a, re as for the other potentials. The effective range is chosen to be unity in the natural length unit of the
system. If the binding energy is very small, the effective range can be computed using the bound state wave
function. The relevant expression is (for B = −1/a2)
re = 2
∫
dr(e−2r/a − u2ER(r)), (11)
where uER(r) = rφ(r) normalized so that its asymptotic form is e
−r/a. This expression is taken from the usual
effective range expansion [22], but using k = i/a: the energy is taken to approach 0 from negative values. Any
differences from the approach using positive energy are accounted for by higher order terms in the effective
range expansion, which are significant for small values of k. For the square well, R ≈ 1. For the Hulthein
wave function one finds:
re = 2
∫ ∞
0
dr(e−2r/a − (e−r/a − e−βr)2 ≈ 3
β
, (12)
under the assumption that βa  1. For the surface delta model, the δ(r − RSD) occurs at RSD = 3/4re.
Fig. 1 shows that the effects of the finite range of interaction are considerable for r < 1. Using any value of
a/R greater than about 400 would lead to very similar coordinate-space plots.
Five momentum space wave functions are compared (in terms of n(k) = φ˜2(k)) in Fig. 2. The zero range
model shows the 1/k4 behavior, and all of the models look like the zero range model for values of k less than
about 0.1. Thus Eq. (2) is verified, if one takes the symbol  to mean about 0.1. For larger values there is a
small, but distinct, fall-off behaving quadratically in k that is essentially the same for each model. We show
below that this seemingly innocuous effect has significant consequences for the energy sum rule of [7],
5First it is necessary to improve the understanding of n(k). Consider the Lippmann-Schwinger equation:
φ˜(k) = − 4pik2+B
∫
dr sin(kr)k V (r)rφ(r) = − 4pik2+BT (k),
T (k) ≡ ∫ dr sin(kr)k V (r)rφ(r). (13)
The quantity T (k) is an off-shell transition matrix element, and its integrand is non-vanishing only for values
of r within the range of the two-body potential, V (r). Repeated integration by parts in Eq. (13) shows that φ˜
falls as 1/k4 for asymptotic values of k, provided V (r)rφ does not vanish at the origin. The falloff is at least
as fast as ∼ 1/k6 if V (r)rφ does vanish at the origin. If the potential is a function of r2, φ˜(k) falls off faster
than any inverse power of k2. This means that the statement e.g. [23] that C = limk→∞ k4n(k) cannot be
correct because the correct value of the limit is 0. The momentum range covered by the experiment of that
paper corresponds to values of k less than about 0.2a, so the high momentum limit is not reached.
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FIG. 3. (Color online) Comparison of n(k)/n0(k), for four different wave functions with n(k) ≡ φ˜2(k).Square well
(red-solid), Hulthein (blue-dashed), surface delta (black-solid), and exponential (black-dashed) for a/R = 10, 000.
Dimensionless units are used (see text).
Our interest here is in understanding the regime of relatively low values of k shown in Fig. 2. We may
accurately use the relation sinx/x = 1 − x2/6 for values of x up to unity. If x = 1 the left and right hand
side of the previous equation differ by only 3%. This is sufficient for all of the values of k appearing in Fig. 2.
Then
T (k)→ T (0)(1− 1
6
k2〈r2〉), (14)
with
〈r2〉 ≡
∫
drr2V (r)rφ(r)∫
drV (r)rφ(r)
(15)
The results of computing 〈r2〉 for the different models are shown in Table I. The model-dependent values of
〈r2〉 given in Table I represent a violation of universality. The fall off with k2 is greater for the square-well
and surface delta models. Thus the behavior of n(k) is qualitatively understood using Eq. (14):
n(k)/n0(k) = (1− 1
3
k2〈r2〉), (16)
which is valid (to within 6% or better) for values of kre up to unity
The ratios n(k)/n0(k) for different models are shown in Fig 3. We that the models are indistinguishable for
values of k up to about 2/re. For larger values of k the fall-off is consistent with the quadratic behavior of
the approximate result Eq. (16), with the rate of fall-off consistent with the results of Table I. The H and E
models are very similar to each other, and so are S and SD models . But all of the differences show up only
at k > 2/re. Thus the concept of universality can be extended to values above the limits given by Eq. (2) by
including effects of the non-zero value of re. The different values of 〈r2〉 for a fixed value of re shown in Table
I represent a small violation of universality.
6Model a = 10000, re = 1
0 0
S 0.46
H 0.22
SD 0.57
E 0.29
TABLE I. The quantity 〈r2〉 for the 0, S,H, SDE models. The ratio of 〈r2〉 to unity gives the quantity λ of the text.
The results obtained here use a fixed scattering length. However, the value of the scattering length is
important in and of itself. The results Eq. (14), Eq. (16) and Table I tell us that the density n(k) =
n0(k)(1− λk2r2e) with λ of the order of unity. Different models have different values of λ, even if the effective
range of the different models is the same. Moreover, should λr2e be comparable to unity, the function n(k)
would have very little resemblance to n0(k).
We next explore the consequences that non-zero values of 〈r2〉 have for the energy decomposition [8]. For
the two-body system at rest, and for large scattering lengths, this reads:
B = − 1
a2
=
4pi
(2pi)3
∫ ∞
0
dk k4 [n(k)− C
k4
] +
C
4pia
,
(17)
in our units, with the contact C = 8pi/a. The energy relation of [13] is essentially the same as in Eq. (17)
because an upper limit Λ can be taken to be infinite by adjusting a bare coupling constant to reproduce a
given value of a. Evaluating the integral for the zero range model gives a value of −3/a2, so for that model
the energy relation correctly becomes: −1/a2 = −3/a2 + 2/a2. It is worthwhile to rewrite Eq. (17) for the
particular case of the zero range model as
1 = − a
2
6pi2
∫ ∞
0
dk k4(n0(k)− 8pi
ak4
), (18)
with n0(k) =
8pia3
(1+k2a2)2 .
But for models with a non-zero effective range, with a general asymptotic behavior: φ˜2(k) falls at least
as fast as 1/k8. This causes the integral appearing in the right-hand side of Eq. (17) to diverge linearly,
and the energy relation of Eq. (17) cannot be valid as written. Indeed, Fourier transforming each of the
wave functions, φ˜(k), appearing in the quantity 4pi(2pi)3
∫∞
0
dk k4 φ˜(k)2 shows that it is the expectation value
of the kinetic energy: 〈φ|(−∇2|φ〉, which is finite for models with a non-zero effective range. If one takes the
upper limit of the integral in Eq. (17) to be a finite quantity Λ the second term is −CΛ. This means that
the relatively small differences between the densities n(k) and n0(k) cause a linear divergence in the energy
relation of Eq. (17), and cannot be neglected. This is the origin of our previous statement that the formula
C = limk→∞ k4n(k) cannot be taken literally. The value of infinity is too large. We seek to fix this problem
This problem can be fixed, and a version of the energy decomposition can be recovered. Let’s choose the
upper limit of the integral to be Λ and define its ratio to the zero range result of −3/a2 to be a function RΛ,
with
R(a,Λ) ≡ − a26pi2
∫ Λ
0
dk k4(n(k)− 8piak4 ). (19)
Note that if n(k) is well approximated by n0(k) over the range of the integrand, then R(a,Λ) would be close
to unity and the sum rule of Eq. (17) would be corrected simply by replacing the infinite upper limit of the
integral in Eq. (17) by Λ.
We analyze Eq. (19) by subtracting and adding Eq. (18), so that
R(a,Λ) = 1− a26pi2
∫ Λ
0
dk k4(n(k)− 8piak4 ) + a
2
6pi2
∫∞
0
dk k4(n0(k)− 8piak4 ). (20)
= 1− a26pi2
∫ Λ
0
dk k4(n(k)− n0(k)) + a26pi2
∫∞
Λ
dk k4(n0(k)− 8piak4 ) (21)
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FIG. 4. (Color online) The function R(a,Λ = x/a(1/3)) as a function of the variable x for values of a ranging from
104 to 1019. The lowest curve represents a = 104. Dimensionless units are used (see text).
The second integral term of the above equation is expected to be very small. It may be evaluated as:
a2
6pi2
∫∞
Λ
dk k4(n0(k)− 8piak4 ) ≈ −83piΛa +O(1/(Λa)3) (22)
Note that Λa  1 because a is large. Thus any terms falling as a power of a can be safely neglected in the
limit of large scattering length. The net result is that for that limit
R(a,Λ) = 1− a26pi2
∫ Λ
0
dk k4(n(k)− n0(k)) ≡ 1−∆R(a,Λ). (23)
We shall see that the above expression can be approximated by unity for appropriate values of Λ. To see this
use n(k)/n0(k) = (1− 13k2〈r2〉), in its range of applicability (kre < 1) , so that
∆R(a,Λ) = 4a
5〈r2〉
9pi
∫ Λ
0
dk k
6
(1+k2a2)2 ≈ 427pia〈r2〉Λ3.
(24)
The conventional approach to the upper limit Λ in the integral appearing in Eq. (23) would be to take Λ to
be x/re, with x on the order of 0.1. In that case, Eq. (23) tells us that ∆R(a,Λ) would grow linearly without
bound as a increases, and the energy sum rule would not be not valid.
Instead we derive the necessary criterion for validity by setting ∆R(a,Λ) to 0.1. This gives
Λ =
1.28
(a〈r2〉)1/3 , (25)
and the value of the upper limit is smaller than x/re for values of a greater than about 1000. The quadratic
approximation to the density, Eq. (16) remains valid for such values of a. The net result is that the energy
decomposition can be written as
− 1
a2
=
4pi
(2pi)3
∫ Λ
0
dk k4 [n(k)− C
k4
] +
C
4pia
,
(26)
to an accuracy of at least 10%. The upper limit Eq. (25) is a surprise as many who would expect instead that
Λ ∝ x/re, with x a small number in the vicinity of 0. To check that this is the correct upper limit we plot
the function Rx/a1/3(a) (as obtained for the Hulthein potential) for a huge range of values of a as a function
of a and x in Fig. 4. If the dependence given by Eq. (24) were exact the different curves would coalesce into
a single one, and this occurs to a large extent for a > 105. We also see that R(a,Λ) ≈ 1 for a large range of
values of x.
The calculations of R(a,Λ) lead to the statement:
C ≈ k4n(k), 0 < k < Λ, (27)
8if one wishes to maintain the energy sum rule.
The density-density correlation at short distances [8, 17] is discussed next. For a system of atoms with two
different spins (1,2), using the zero-range model yields the result:
〈n1(R + 1
2
r)n2(R− 1
2
r)〉 → 1
16pi2
(
1
r2
− 2
ar
)C(R)
(28)
for small separations r, where n1,2 are density operators. The function of r arises from the singular part of
the square of the wave function φ0(r) ∝ (1/r − 1/a). Integrating Eq. (28) both r1, r2 = R ± r/2 over a ball
of radius s, defining an operator
O(s)f(s) ≡
∫
d3r1d
3r2θ(s− r1)θ(s− r2)f(s) (29)
Refs. [8, 17] find
N
(0)
pair(R, s) ≡ O(s)〈n1(R + 12r)n2(R− 12r)〉 = s
4
4 C(R).
(30)
The volume of the ball is V = 4pis3/3. The s4 behavior, which arises from the 1/r2 term in the square of φ(r),
interesting because the number of pairs inside that ball scales as V 4/3 instead of the expected V 2 behavior [17].
Here we evaluate Npair(R, s) using a general model of φ(r), which must be finite at the origin. Consider the
quantity
Npair(R, s) ≡ O(s)〈n1(R + 12r)n2(R− 12r)〉 = F (s)C(R)
F (s) ≡ O(s)φ(|r1 − r2|))2. (31)
The function F (s) may be evaluated in terms of φ˜, so that
F (s) =
∫
d3k
(2pi)3
d3k′
(2pi)3
∫
d3r1d
3r2θ(s− r1)θ(s− r2)
× φ˜(k)φ˜∗(k′) exp[i(k− k′) · (r1 − r2)]. (32)
The integrals over r1,2 may be evaluated to yield
F (s) = V 2
∫
d3k
(2pi)3
d3k′
(2pi)3
φ˜(k)φ˜(k′)(
3j1(qs)
qs
)2, (33)
where q ≡ |k − k′|, and j1(x) is a spherical Bessel function of order unity, with limx→0 j1(x) = x/3. These
integrals are uniformly convergent because of the 1/k4 (or faster) asymptotic behavior of φ˜(k). Thus, in
seeking the behavior for small values of s we may take the limit qs → 0 inside the integral. This procedure
leads to
lim
s→0
F (s) = V 2φ2(0) (34)
with the wave function at the origin φ(0) a finite quantity for all models that assume that the range of
interaction is not zero. The use of an appropriate wave function. leads to a V 2 dependence.
Our results show that the influence of a non-zero effective range causes significant corrections to the zero-
range model of the density n0(k), with the details depending on the value of the effective range re. The relation
between re and the size parameter of the each model depends on the given model, and can be regarded as a
violation of universality. Given a fixed value of re, the density n(k) is universal for values of k up to about
2/re. The corrections to n0(k) cause the energy decomposition to fail, and the pair density Npair(R, s) to
vary as s6. The divergent energy decomposition of Eq. (17) is rescued by using a cutoff momentum that
∼ 1/(a1/3〈r2〉1/3). Moreover, the contact C cannot be thought of as the coefficient of the asymptotic 1/k4
behavior of the density. But Eq. (27) finds that this coefficient is valid for a finite range of momenta.
The violations of universality discussed here involve non-zero values of re. For a fixed value, these. violations
are apparent only for k > 2/re. The influences of the effective range are important because they are related
9to the underlying detailed nature of the atom-atom interaction. Determining the details of n(k) and its
dependence on the effective range could reveal much about the underlying interactions.
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